We construct supergravity models where the goldstino multiplet has a gravitational origin, being dual to the chiral curvature superfield. Supersymmetry is nonlinearly realized due to a nilpotent constraint, while the goldstino arises from γ-traces of the gauge-invariant gravitino field strength. After duality transformations one recovers, as expected, the standard Volkov-Akulov Lagrangian coupled to Supergravity, but the gravitational origin of the goldstino multiplet restricts the available types of matter couplings. We also construct explicitly some inflationary models of this type, which contain both the inflaton and the nilpotent superfield.
Introduction
In this note we construct the minimal Supergravity [1] model with a nilpotent gravitational multiplet, where Supersymmetry is non-linearly realized. In the old-minimal formalism [2] , this condition results from the constraint 1) where R is the chiral scalar curvature superfield. As we shall see, λ is related to the cosmological constant and does not vanish if the theory admits a Minkowski vacuum. The goldstino originates from the gravitino curvature, and at the linearized level in a flat background 2) while not surprisingly the dual standard Supergravity is coupled to the Volkov-Akulov theory [3] .
This model describes the super-Higgs effect [4] [5] [6] , and goldstino modes can be conveniently described via constrained superfields [7] [8] [9] [10] . The universal low-energy couplings to gravity of a massive gravitino depend on two parameters, W 0 and λ, which can be related to a cosmological constant and a mass term. The peculiar feature of the systems resulting from eq. (1.1) is that the SuperHiggs effect occurs without an independent field describing the goldstino. This phenomenon reflects the higher-derivative nature of the gravitino equation, which describes four degrees of freedom consistently with a Stueckelberg realization of the gauge symmetry. It goes on the par with similar phenomena that present themselves in R+R 2 theories [11] , where a higher-derivative gravitino equation describes a massless spin-3/2 and two massive spin-1/2 modes.
We then investigate the consistency conditions for coupling the nilpotent Supergravity to chiral multiplets Q i with linearly realized Supersymmetry, and show that the natural generalization of the nilpotency condition (1.1) is
3)
The chiral function f (Q i ) is the counterpart of λ for these systems: it must acquire a non-zero v.e.v. in vacua with broken Supersymmetry and a vanishing cosmological constant, and enters the superpotential W as f (Q i ) X, where X is the nilpotent goldstino multiplet. We construct explicit examples of positive-definite potentials that admit vacua with a vanishing cosmological constant and where the breaking of Supersymmetry occurs purely in the sgoldstino direction.
The emphasis on a purely gravitational form was partly motivated by nonlinear Supergravity models of inflation, whose avatar, the higher curvature R + R 2 Starobinsky model [12] , appears currently favored by PLANCK constraints [13] . Also for this reason, its complete Supergravity embedding [14] has been widely discussed in the recent literature, in both the old minimal [2] and new minimal [15] formulations.
Constrained chiral superfields were introduced, in the higher-curvature old minimal VolkovAkulov-Starobinsky Supergravity, in [16] . In a different context, still related to inflation, they were previously considered in [17] , and more recently the construction was extended further in [18] [19] [20] . In [16] , the chiral curvature multiplet R was subject to the constraint R 2 = 0, which translated into the corresponding constraint X 2 = 0 for the goldstino multiplet, one of the two chiral multiplets present in the two-derivative dual Supergravity.
Non-linear realizations of Supersymmetry play an important role in String Theory [21] , in orientifold vacua [22] where a high-scale breaking is induced by mutually non-supersymmetric collections of branes and orientifolds. While this setting, usually termed "brane Supersymmetry breaking" [23] , brings non-linear realizations of Supersymmetry to the forefront at a potentially deeper level [24] , its four-dimensional counterparts in the low-energy Supergravity fall nicely into the class of models reviewed here. They bear a close relationship to the KKLT uplift [25] , as discussed in [26] and, more recently, in [27] .
This paper is organized as follows. In Section 2 we introduce the minimal nilpotent Supergravity and discuss in detail the corresponding higher-derivative gauge-invariant description of a massive gravitino. In Section 3 we show that this formulation is dual to the Volkov-Akulov model coupled to standard Supergravity, which embodies the conventional gauge-invariant description of a massive gravitino [4] [5] [6] . In Section 4 we discuss the matter couplings to ordinary scalar multiplets that are allowed in the gravitational formulation and show that, in the dual two-derivative formulation, they give rise to restricted couplings to the nilpotent Volkov-Akulov multiplet. We also present some explicit examples of no-scale models of this type [28, 29] , which combine semi-definite potentials and broken Supersymmetry. Finally, we describe a class of inflationary models with gravitational duals, which combine the minimal non-linear Supergravity with an inflaton multiplet whose the Kähler potential possesses a shift symmetry.
Minimal nilpotent Supergravity
The minimal Supergravity action is [1] 1) where the subscripts identify D and F superspace densities and S 0 is the chiral compensator field.
In components and in a mostly positive signature, the complete action of eq. (2.1) becomes 2) where u and A m are the auxiliary fields of the old minimal [2] Supergravity. This Lagrangian is invariant under the off-shell supersymmetry transformations given in [6] .
In order to enforce a nonlinear realization of Supersymmetry, in analogy with [16] we impose the chiral constraint
where R is the chiral scalar curvature superfield, defined via the curved chiral projector Σ as [1] 4) and λ is a constant whose interpretation we are about to describe.
Notice that eq. (2.3) is a supersymmetric constraint, and yet the introduction of λ results in the spontaneous breaking of Supersymmetry. As a result, one is building a Stueckelberg realization without an independent goldstino field, which makes this setting somewhat unusual. The vacuum energy of the nonlinear supergravity, obtained substituting in eq. (2.2) the field independent part of the solution of the constraint (2.
Therefore, any sign is allowed, and in particular the Minkowski case with broken Supersymmetry
Taking into account the nilpotency of the fermionic component, one can see that the cubic constraint for u resulting from eq. (2.3) reduces to the quadratic equation 6) where "hats" denote supercovariant extensions, which are computed at u = λ. The complete solution for u,
where
is actually relatively simple, due to the nilpotency of the goldstino bilinears.
One can illustrate the amusing properties of this system rather clearly in a Minkowski vacuum, while confining the attention to terms that are at most quadratic in the gravitino. In this case the relevant parts of local Supersymmetry variations in [6] , which do not involve the auxiliary
where, to lowest order, one can set u = λ. To quadratic order in the Fermi fields, the solution of the constraint (2.3) is then 10) where in this limit the goldstino field is
As we anticipated, in this setting the goldstino is not an independent field. Rather, it results from the application to the gravitino of a differential operator. It shifts properly under a supersymmetry transformation, since 12) while the correction term in eq. (2.10) is fully determined by the linearized off-shell supersymmetry transformations (2.9) . Similar considerations would apply in any background with broken Supersymmetry, with λ = 3 W 0 and the cosmological constant as given in eq. (2.5) , where the lowest-order transformation of the corresponding goldstino would read
The quadratic fermionic terms in the Lagrangian add up to an unconventional Stueckelberg realization of broken Supersymmetry, encoded by 14) where the last term introduces in the Rarita-Schwinger equation some contributions involving up to two derivatives. The higher-derivative terms are instrumental to grant the invariance under the gauge transformations (2.9) of the Lagrangian (2.14), whose variation produces terms of type ψ ∂ǫ and ψ ǫ, which must cancel separately. The latter originate from the second and third terms, while the former originate from all of them. As we shall see in the next section, a duality transformation turns this unconventional gauge invariant description of a massive gravitino into a more conventional gauge invariant coupling of the Volkov-Akulov model to Supergravity. It is known that the latter can be formulated as a standard coupling to Supergravity [16] [17] [18] [19] [20] of a nilpotent chiral superfield [7] [8] [9] .
It is instructive to take a closer look at the modified Rarita-Schwinger equation following from the action (2.14), which reads
15)
The γ-trace and the divergence of this equation lead to the same gauge-invariant constraint 16) where the gaugino G is defined in eq. (2.11) . Gauging away G one thus recovers the two standard 17) together with the conventional field equation for a gravitino of mass W 0 = λ 6 .
As we have stressed in the Introduction, there is an interesting analogy between this type of construction and those occurring in R + R 2 theories [11] . Actually, the analogies go even further, since similar constructs enter also the higher-spin equations of [30] , where higher-derivative compensators built from the original Fronsdal field [31] result in geometric expressions involving higher-spin curvatures.
Dual standard Supergravity formulation
The action (2.2), supplemented with the constraint (2.3), can be recast in a two-derivative dual form proceeding along the lines of [14] . To this end, one starts from a Hubbard-Stratonovich transformation, which allows to recast the higher-derivative Lagrangian (2.1), (2.3) in the form
and then into
via the identity [14] f
which holds for any chiral superfield Λ and for any function f .
That the Lagrange multiplier Λ 1 does not introduce additional degrees of freedom is indicated by the linearized analysis of the equations of motion, but its role becomes more transparent in the dual formulation. In this case its field equation imposes a nilpotency constraint on X, so that one is finally led to a standard N = 1 Supergravity with Kähler potential K and superpotential W given by 4) where X 2 = 0. After a Taylor expansion and a Kähler transformation, one is finally led to 5) with X satisfying again the constraint X 2 = 0. This defines a dual Volkov-Akulov supergravity action, with a supersymmetry breaking parameter
It is instructive to see these steps in detail reconsidering the quadratic action (2.14) and introducing an independent goldstino field χ via a Hubbard-Stratonovich transformation, which
One can now diagonalize the kinetic terms redefining ψ µ according to 8) and the end result is a canonical presentation of the superHiggs mechanism [4] [5] [6] , described by
This is precisely the standard Volkov-Akulov supergravity at the quadratic order in fermions, and as we have seen the duality extends to the full non-linear actions. Let us stress again that a vacuum with broken Supersymmetry, for which D X W = 0, is compatible with a vanishing cosmological constant only if λ = 6 W 0 , with both λ and W 0 not vanishing, so that W 0 is the gravitino mass.
Nilpotent Supergravity coupled to matter
We can now couple the nonlinear Supergravity introduced in the preceding section to standard unconstrained chiral multiplets Q i , with an arbitrary Kähler potential K and an arbitrary superpotential W . As we shall see shortly, the gravitational origin of these models leaves an interesting imprint in their two-derivative formulation. The Lagrangians of these models are of the form 1) and are to be supplemented by the nilpotent constraint 2) where f (Q i ) is a holomorphic function. This expression is a natural generalization of the constraint for the nonlinear Supergravity of the preceding sections in the presence of a number of standard chiral multiplets, if Supersymmetry is still nonlinearly realized only in the gravity multiplet.
Using the same Lagrange multipliers as in Section 3, one can recast eqs. (4.1) and (4.2) in the
while the identity (3.4) turns the Lagrangian (4.1) into
The field equation for the unconstrained Lagrange multiplier superfield Λ 1 now imposes the constraint X 2 = 0, and one is finally led to a standard N = 1 Supergravity with Kähler potential K and superpotential W given by 4.5) where X is always subject to the quadratic constraint X 2 = 0.
It is now convenient to define the quantity 4.6) since it is then straightforward to show, introducing the chiral indices I = (i, X) and the corre-
The theory is thus consistent insofar as
It is also convenient to introduce the vector (4.9) since it can be shown that the inverse Kähler metric can be cast in the form
The corresponding scalar potential is
where we used the nilpotency condition X 2 = 0, and where (4.12) This expression can be cast in the simpler form
As we have stressed, matter multiplets should satisfy the condition a > 0. One can then see that, in the particular cases f = 0 or W 0 = 0, the potential is positive definite. In general, the cosmological constant can have either sign, but a vanishing cosmological constant where Supersymmetry breaking originates solely from the nilpotent superfield X, as enforced by the (4.14) In this Minkowski vacuum with broken Supersymmetry, the analog of the Deser-Zumino relation between the scale of Supersymmetry breaking and the gravitino mass is
Notice that the chiral function of the matter fields f (Q i ), with a nonzero vacuum expectation value, is crucial in order to attain Supersymmetry breaking with a vanishing cosmological constant. It is the counterpart, in this more general class of models, of the parameter λ that we introduced in the preceding sections.
We can now explain the claim concerning the imprints of the gravitational origin of the models.
As stressed in [20] , the general Lagrangian coupling the nilpotent chiral superfield X 2 = 0 to chiral matter would rest on 16) with K 1 , K 2 , K 3 and f independent functions. These expressions are clearly more general than eqs. (4.5) , which arise, as we have seen, from a gravitational constraint of the type (4.2). The equivalence is possible only when K 0 , K 1 and K 2 are related as in (4.5) , so that only this subclass of models possesses a gravitational origin. Conversely, even when the models do not have a gravitational origin, there is always a consistency condition for the action (4.16), since one can 17) 4.1
Positive definite potentials
Simple examples with zero cosmological constant can be constructed starting from the matter Kähler potential 18) where (4.19) In this case, the full effective Lagrangian is 20) to be supplemented with the nilpotency condition X 2 = 0. The corresponding scalar potential is (4.21) and now the condition (4.22) must clearly hold, in agreement with the preceding arguments. In general, these scalar potential are not positive definite, but positive definite potentials obtain if the relation 4.23) holds between the two functions entering the superpotential. Restricting the attention, for simplicity, to cubic superpotentials and imposing the condition that Supersymmetry breaking occur along the sgoldstino direction, one finds the solution
The scalar potential becomes in this case 
Some inflationary models
Many inflationary models in Supergravity possess a shift symmetry in the inflaton multiplet Φ.
Simple models of inflation coupled to matter that possess a gravity dual can be constructed starting from the Kähler potential 4.26) where, as in Section 4.1, (4.27) In this case, the full Kähler potential is given by 28) to be supplemented with the nilpotency condition X 2 = 0. The inflaton ϕ is identified with the (canonically normalized) imaginary part of the complex field 29) where χ has a Hubble scale mass and is stabilized to zero during inflation, whereas Q i are matter fields. The scalar potential has the general form (4.13) , where the parameter a is now given by 30) where Z was defined in eq. (4.26) . The scalar potential is in this case
Inflationary models with a positive energy density during inflation can be found starting from the condition (4.23) . The solution is then 32) where α is now an appropriate function of the inflaton field. The scalar potential in this case (4.33) Notice that matter fields and the inflaton have positive definite contribution to the scalar potential, while the non-positive definite part is proportional to the field χ, which has to be massive and with vanishing v.e.v. during inflation. For vanishing v.e.v.'s of the matter fields, the positivity of the potential can be ascribed, as in the previous section, to the no-scale structure [28, 29] . 6 , which is larger than the Hubble parameter H, so that χ can indeed be stabilized to zero during and after inflation. This model is similar to the one constructed in [20] .
Cosmological inflation with a tiny tensor-to-scalar ratio r, consistently with PLANCK data, may also be described within the present framework, for instance choosing (4.35) This potential bears some similarities with the Kähler moduli inflation of [32] and with the polyinstanton inflation of [33] . One can verify that χ = 0 solves the field equations, and that the potential along the χ = 0 trajectory is now Notice that we have defined, for brevity, The potential is clearly positive definite and has a minimum determined by the condition a φ = e γ φ , (4.39) which can be solved for φ in terms of a Lambert W function [34] . This is a global minimum, and corresponds to a non-supersymmetric Minkowski vacuum satisfying eq. (4.14), i.e., f = 3 + 3 a e The key inflationary parameters, the spectral index n s − 1 and the tensor-to-scalar ration r, are in this case 4.42) and are thus consistent with the latest PLANCK data [13] for |γ| > 9 N . Note also that the mass of the χ field is always positive, for any value of φ, so that χ = 0 is indeed a stable trajectory. In during inflation, so that the χ field indeed decouples, and the inflationary dynamics is well described by the single field φ as it undergoes slow roll along the potential from large negative values, with the parameters given in eq. (4.42).
